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Equilibrium Equation 
 
 
In fluid mechanics differential equation of motion is  
 
 
 
                              
                               viscous        gravity 
         forces        
    pressure             inertia term 
 

where                            and                  . 

 

For Newtonian fluid, 
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Equilibrium Equation 
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If the space-dependent acceleration term of Navier-Stokes equation is 

neglected, the equation reduces to 
 
 
 
 

 

which gives the dynamic equilibrium equation of solid mechanics that is 

used in the flow formulation. 
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The Flow Formulation 
 
 
 
 

Similarities of viscous flow with flow formulation 

 

• viscous flow formulation 

 

• identical separation between deviatoric and volumetric terms 

• the analogy for ‘shear viscosity’ and ‘bulk viscosity’ to ensure the 

incompressibility constraint of the viscous fluids. 
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Finite Element Formulation 
 
 

∑ ∫∫∫
=

=












−+
M

m S

mT

V

mTTTmm

V

T

m
T

mm

dSdVKdVK
1

0TNvBBvCCvvv δδδ µ

BDBK T
µµ =



























=

µ
µ

µ
µ

µ
µ

µ

00000
00000
00000
000200
000020
000002

D

[ ]000111=TC TNLB=







































=

xz

yz

xy

z

y

x

∂
∂

∂
∂

∂
∂

∂
∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

0

0

0

00

00

00

L















=

81

81

81

00...00
00...00
00...00

NN
NN

NN
TN

310
iim

v
m kkK σµ ⋅−==

0'' =−+=Π ∫∫∫ dSutdVKdV i
S

i
V

VV
V

ijij

T

δεδεεδσδ 

Weak Form of Equilibrium Equation 

Modelling Plastic Deformation and            20/10/2015  
Liquid Lubrication in Metal Forming 



17/04/2008 Presentation name 8 DTU Mechanical Engineering, Technical University of Denmark 

Outline 
 
 
 
•Theoretical & Numerical Background 
•Results & Discussion 

–Bulge Test 
–Lubrication Breakdown 
–Drawing of Sheet with Surface Pockets 
–Deep Drawing 

•Summary 
 
 
 

Modelling Plastic Deformation and            20/10/2015  
Liquid Lubrication in Metal Forming 



17/04/2008 Presentation name 9 DTU Mechanical Engineering, Technical University of Denmark 

Bulge Test 
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Bulge Test 
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             uniform distribution of  
             hydrostatic pressure! 
 
 
 
 
  
 
 onset of instability (Hill, 1950) 
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Lubricant Breakdown 
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m = 1.0 sticking interfaces 
𝛼𝑙𝑙𝑙𝑙𝑙 𝑑𝑑𝑑 = 3.0˚ 

ℎ𝑠𝑠𝑠𝑠𝑠 = 1.95 𝑚𝑚 

Upper die 

Lower die 

Lubricant 
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Lubricant Breakdown 
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µ = 0.1 𝑃𝑃 · 𝑠 𝑣𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 1 𝑚𝑚/𝑠 
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µ = 0.1 𝑃𝑃 · 𝑠 𝑣𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 800 𝑚𝑚/𝑠 
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Drawing of Sheet with Surface Pocket  
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Deep Drawing 
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Deep Drawing 
 
 
      

Modelling Plastic Deformation and            20/10/2015  
Liquid Lubrication in Metal Forming 

𝜎� = 120𝜀̅0.21  
𝜎� = 10𝜀̅0.21  

𝜎� = 120𝜀̅0.21  

Die 

Punch 

𝑟𝑐 = 10 𝑚𝑚 



17/04/2008 Presentation name 16 DTU Mechanical Engineering, Technical University of Denmark 

Outline 
 
 
 
•Theoretical & Numerical Background 
•Results & Discussion 
•Summary 

–Current State 
–Challenges 
–Future Work 

 
 

Modelling Plastic Deformation and            20/10/2015  
Liquid Lubrication in Metal Forming 



17/04/2008 Presentation name 17 DTU Mechanical Engineering, Technical University of Denmark 

Summary 
 
 

 
 
 
 
 
 
 
 
 
 

- a new approach for combined modelling of 

plastic deformation and liquid lubrication 

- application of the model to selected forming 

operations  
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  -distortion of the fluid mesh  

   -poor convergence due to ill-conditioning 
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Future Works 
 
 

 
 
 
 
 
 
 
 
 
 

 
 
 

 
 

 
 
 

decoupling of the two models simulating 

metal flow and liquid flow separately 
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The Flow Formulation 
 
 
 
 

 
 

 
 
 
 

 

• The weak form of the quasi static stress equilibrium equations used in 

the flow formulation results from neglecting gravity and dynamic 

effects. 

• Incompressibility is included by transforming the general weak form of 

the stress equilibrium equations into a weak form with constraints. 

• Flow formulation is based on a velocity-pressure approach where 

metals are considered as fluids of very high viscosity and velocities and 

hydrostatic pressures are solved simultaneously. 
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Drawing of Sheet with Surface Pocket  
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